We further explore the deformation in the static limit of an elastic halfspace overlying a fluid half-space. It was shown in a previous note that the singular limit of zero frequency in a stably stratified perfect fluid could be removed by including rotation. Here we extend the analysis to include the effects of viscosity and density diffusion. It is shown that the appropriate boundary conditions at the fluid-solid interface are zero stress (including zero normal stress), continuity of normal displacement, and no slip. These conditions are in distinct contrast to the rotating, stratified perfect fluid case, when a normal stress can be supported in the fluid. The inclusion of a large ambient magnetic field is then studied. It is shown that depending upon the field orientation, corresponding to a poloidal or toroidal field, its effects can be partially analogous to those of stratification or rotation. In particular, a toroidal field introduces a static limit singularity similar to that of density stratification. The combination of stratification and a poloidal field is analogous to stratification and rotation. 
Introduction
The problem of coupling the motion of an elastic mantle to that of a stratified fluid core presents some interesting problems. In particular, the static limit in a perfect fluid is singular and can lead to physically meaningless results (see Jeffreys & Vicente 1966; Pekeris & Accad 1972; Smylie & Mansinha 1971a, b; Dahlen 1974; Longman 1974; Chinnery 1974) . In a previous paper (Wunsch 1974 , henceforth to be denoted as Paper 11, the full spherical, self-gravitating problem was set-aside, and we treated an elastic half-space overlying a fluid half-space. It was shown that the difficulty at the static limit for a stratified perfect fluid was reproduced in this simpler geometry. We also showed that including rotation made the static limit a regular one, since Coriolis forces could support the deformed constant density surfaces in a steady flow.
The present paper tries to do two things. First, we explore the effects of fluid viscosity and density diffusion in the same simple geometry. Both the rotating and non-rotating cases are included, and as anticipated in Paper I, all singularities at the static limit are removed. It is shown that the boundary conditions in this case are particularly simple, and should be applicable to the spherical geometry.
The actual stratification of the Earth's core is in some doubt (Higgins & Kennedy 1971; Jacobs 1971) and so the stratified core could be of purely theoretical interest.
On the other hand, the core does rotate, and almost certainly contains a strong magnetic field. The second part of this paper is thus devoted to a study of the deformation of a fluid core in the presence of a strong magnetic field, with and without stratification and rotation and in the plane geometry. These latter problems are complex and a series of simplified cases will be examined, one at a time. Thus while the geometry is over simplified, and no physically realistic case is fully treated, one gains considerable insight into the physics that must apply in the real, spherical, rotating, conducting dissipative Earth's core in a magnetic field. The effort thus seems worthwhile as a step toward examining a more geophysical case. Much of what follows the fluid dynamicist will find obvious on physical or intuitive grounds. But perhaps the somewhat pedagogical tone of this paper may be excused on the basis of the large literature (only partially cited above) that has collected itself about this problem. Also, the literature on the interaction between a viscous Auid and an elastic solid appears to be minimal, yet the problem is not without intrinisic interest.
Rotating, stratified fluid
0, to have constant Lame parameters 1, p and constant density ps. Z, @ represent displacements in the x and z directions, and let fi be the displacement in the y-direction. A ' tide '
As in Paper I, we take an elastic half-space z
acts in the solid, deforming it at frequency a, k > 0. The entire space is supposed to rotate with frequency f / 2 (f being the Coriolis parameter). We ignore the effects of gravity in the unstratified solid, and the absence of the corresponding initial stress contributes to the artificiality of the examde.
The appropriate equations governing the solid become (removing common factors)
There is no y-dependence in the problem, but because of the Coriolis forces, there is a y-displacement.
The fluid, occupying the half-space z < 0 has a basic density gradient p,(z), and is supposed, as discussed in Paper I, to be adequately described by the Boussinesq approximation. The Boussinesq approximation will be an excellent one unless 168 C. Wunsch k = 0, corresponding to the pure radial mode of the core. But in the present context, that problem is a trivial one. The fluid has a kinematic viscosity v, and 'density diffusivity ' K. Linearized equations of motion are
a, u+az w = 0 (incompressibility) KC?, p = 0 (no density flux into solid) These boundary conditions have been linearized in that they are applied at the undisturbed interface z = 0, rather than at the actual interface E(x, 0). The interface displacement is thus infinitesimal.
The problem contains so many physical parameters ( N , f, A, p , g, a, ti, v, ps, . . .) that is is useful to introduce non-dimensional variables. In the solid, let
where the starred quantities are dimensionless, and in the fluid put (u, w) = wV(u*, w *), P = P,fLVP*,
where V is a velocity scale, which will be taken to be V = H f L / p -4 1, and Po is a mean density. w has been introduced in the scaling of u, w in the expectation that these velocities go to zero with w in such a way that the fluid displacements u/( -ia), Deformation of earth with a fluid core41 169 w/( -ia) remain finite in the limit. The scales of u, p , p , do not include o at this stage, since we wish to be able to recover the inviscid case of Paper I, where they remain finite in the static limit. u* and w* can be identified as the fluid displacements.
The non-dimensional equations of motion now become 
where F, = Po f z L2/p is small.
If thermoelastic variations are permitted in the solid, then (30) would have to be modified to account for a heat flux into the mantle. The introduction of o into the definitions of u, w has removed the a-' factor in equations (24) and (25). Notice further that the viscosity does not appear in the no-slip conditions (25) and (28); no matter how small the viscosity becomes, as long as it is not identically zero, equations (25) and (28) must be satisfied.
Consider first the solid. As the frequency goes toward zero, the velocities, but not the displacements there, go to zero. Coriolis forces are proportional to velocity and will vanish in this limit; but the elastic forces remain finite. We can, therefore, consistently neglect the Coriolis terms in the elastic equations and be assured that B 170 C. Wunseh they will be uniformly small in the static limit. We will therefore set o = co in equations (16) and (17). Equation (17) is retained since the Auid can exert forces in the y-direction.
As in Paper I introduce two functions 4, q, so that i2 = a, 4 +a, q, 5 = a,$ -8, ti.
Equations (1 6)- ( 18) -+ 1/(R+l)(k2f12) as ii --t 0. The solution to (17) is
(35) Strictly speaking k = 1 in these solutions; but it is written in to be explicit. A finite frequency, 5, is retained here for reasons discussed below.
In the fluid, the Coriolis terms cannot be neglected, since all fluid forces (except hydrostatic terms) vanish with the velocity. Introduce a stream function $, such that (19)- (23) we obtain A great deal of physics lies buried in this equation, and in the various approximations and problems that follow, there is a considerable algebraic intricacy. We should therefore pause before proceeding, to examine qualitatively the physical situation. In Fig. l(a) , we show schematically the deformed solid, and the lines of constant density close to the boundary, as they must be just after the deformation has occurred. This configuration must represent the initial state, since at a solid boundary of a fluid, there cannot be any normal velocity relative to the boundary (Lamb 1932, p. 6). Hence, locally, the displacement of the surfaces of constant density is the same as that of the solid boundary. If the boundary now oscillates about an equilibrium position, and if the system is not rotating, then as shown in Paper I, internal waves will be radiated into the fluid. On the other hand, if the limit of zero frequency is taken, so that the solid remains fixed in the deformed state, the surfaces of constant density cannot remain as shown in Fig. 1 (a) , since the fluid, having no rigidity, cannot balance the buoyancy forces attempting to flatten out these surfaces.
One can speculate that the fluid could obtain a local final state equivalent to there. In the state of Fig. 1 (a) , and indeed in the undisturbed state, all such particles have a density po(0). Patently, in the final state Fig. l(b) , particles at the interface have different densities. The only way to change the density of the particles on the interface is to permit diffusion. Once diffusion is admitted, we will show that Fig. 1 (b) does become the final state, but unlike the solution of Smylie & Mansinha (1971a, b) , Dahlen (1974) and Chinnery (1974) , the particle displacements normal to the interface are continuous there. This argument holds even if the motion in the interior of the fluid is highly non-linear. But we can always make our problem entirely linear by considering only sufficiently small displacements of the interface.
We also showed in Paper I, that if the fluid is rotating, then the state of Fig. l (a) can be the final state of the fluid. For then the buoyancy forces tending to flatten the constant density surfaces are balanced by Coriolis forces from a flow into and out of the plane of the p a g e t h e so-called thermal wind.
The very considerable difference between the behaviour at the static limit between the rotating, and non-rotating, stratified case without diffusion was traced in Paper 1 to the behaviour of equation (7). Putting CT = 0, and K = 0 there, we have, inevitably, w = 0 if N # 0. But the static limit represents a problem of matching fluid and solid displacements at z = 0. In the rotating case, the limit w/(-ia), the vertical fluid displacement, remains finite as CT 3 0. In the non-rotating, non-diffusive case, this limit is zero, and the boundary condition of continuity of vertical displacement must be abandoned. But as we will show below, the addition of the slightest bit of diffusion makes this limit finite again, and the fluid-solid vertical displacement also becomes continuous again. Any real fluid has dissipation and diffusion, no matter how slight. Taking the static limit means that this diffusion, no matter how slow, will always have time to act. Any conclusion at the static limit, e.g. about the ability of earthquakes to excite the Chandler wobble, that depends upon a discontinuity in vertical displaceFluid particles at the interface remain there as required. ment should be viewed with scepticism, for no real fluid-solid system will behave that way.
In what follows we will carry out the actual mathematical details of computing both the fluid and solid motions in a number of special cases in order to gain some insight into the complex interplay of forces that can occur in the fluid. We begin by reconsidering the rotating, stratified, non-dissipative limit of Paper I. with appropriate solutions, when w -+ 0
For small w, we obtain from (20,21)
The only remaining boundary conditions are (24), (26) and (27) since horizontal no-slip must be abandoned. In the static limit, we use the solution (33) and (34) for the solid, and the boundary conditions become
As F 4 0, s, q -, k in (24a), (26a) and (27a). If this limit is taken, these equations become singular. In Paper I we traced this singularity to the presence of a zero frequency root in the Rayleigh wave dispersion relation, and noted that despite the infinity occurring in #, y~, the physical observables ii, W remain finite. The recipe for solving these equations is to retain the lowest order terms in 8, and obtain 4, q to this order. We then compute U, W and take the limit 8 4 0. If this procedure is followed, we obtain the solution
In full dintennsional form, these are
etc. (all quantities dimensional).
fluid and solid with depth for the special case
In Fig. 2 we display the non-dimensional vertical and horizontal displacements of Note that the vertical displacement is continuous across the interface, but that the horizontal displacement is not. As noted, the dimensional p , u, p do not vanish as 0, w -, 0, and while u, w do vanish in the limit, the displacements u/( -ia), w/( -ia) remain finite. The normal stress in the solid is supported by a pressure in the fluid which is supported in turn by the Coriolis forces induced by the u-velocity field (a thermal wind). The y-deflection in the solid vanishes (D = 0) since at zero frequency there are no velocities there, hence no Coriolis forces, and in the absence of viscosity, the u flow in the fluid cannot provide any traction. Schematically, the static limit looks like Fig. I (a) .
Case B. E , EIPr # 0.
Consider now the full equation (36). E is a very small number since estimates of v in the core range from to lo9 (Hide & Stewartson 1972; Gans 1972) , taking Ilk -3 x lo3 km we have Thus a small parameter multiplies the highest derivative in the equation of motion, an indication of a singular perturbation problem (see for example, Cole 1968).
We will construct an approximate boundary layer solution to (36) that will allow us to satisfy all of the boundary conditions. We have to distinguish two cases E Q w G 1, and 0 6 w < E G 1, the latter being appropriate to the static limit. To be completely systematic, we should make a formal ordered expansion in w and E*. 
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There is a corresponding finite pressure field which can support a normal stress at this finite frequency. This normal stress might, for example, affect the Love numbers of such a high frequency phenomenon as the fortnightly (Mf) tide.
On the other hand, suppose 0 < w 4 E 4 1. Then the interior equation is
The interior equations are only second order (the extra two derivatives in (42) are spurious) and obviously their solutions cannot satisfy the six boundary conditions of the problem. We expect that in the vicinity of z = 0 the higher derivatives must become important. In this problem, one can find the first approximation by coordinate stretching. Define a new independent variable t = E -q z , where q is to be determined. Substituting into (36) we find (assuming (1) -4 E )
The only way in which the highest derivative can be balanced in the equations is if we choose q = -$ and then to O(E*), the boundary layer equation is It is important to point out that now u, p , are proportional to w and will go to zero, in distinct contrast to the inviscid case. Writing out the full boundary conditions, we now have in the static limit (30) is automatically satisfied. There are six conditions in six unknowns' and the problem is properly posed. But now since the pressure is proportional to w as w + 0, when w G E, both the tangential and the normal stresses in the solid must vanish at the boundary. This results because at these very low frequencies, diffusion has time to dissipate the thermal wind, the deformed constant density surfaces cannot be supported, and they diffuse away. The fluid comes to rest and cannot support a tangential stress either. At the ' high ' frequencies E 4 w, there is a thermal wind and a normal stress can be supported as in the inviscid case. The no-slip conditions (25) and (28) In the static limit w = 0, we find the solution in the solid is completely determined by equations (26b), (27b) and (29b) the no-stress conditions. The solution in the solid is thus precisely the same as in the unstratijied perfect$uid case of Paper I. In the fluid however the displacements do differ owing to the no-slip requirement. Solving (26b), (27b) and (29b) by the limit recipe of Case A, we have s-l, Po = lo2, the ratio is *, as used in Fig. 2. In Fig. 3 is shown the vertical displacements in the fluid and solid for the present case. Now both vertical and tangential displacements are continuous at z = 0. The vertical displacements of the solid in Case A are smaller than here, since they are resisted by the normal stresses set up in the fluid. Fig. 1 . For clarity of display, the boundary layer thickness has been exaggerated by choosing E = 0.1. Here both components of displacement are continuous owing to the viscous no-slip condition. The solid motion is greater than in Fig. I , owing to the absence of a resisting normal stress in the fluid, and is equal to the displacement over an unstratified fluid.
C . Wunsch
In order to treat this case, which precipitated the entire discussion, we need to re-scale the fluid equations, since f is involved in the original scaling. The nonrotating core is less interesting geophysically than the rotating one, but the problem has a certain intrinsic interest (it is the only case heretofore treated in the literature), and may be the appropriate case in the equatorial regions of the real core.
We can proceed by substituting N for f everywhere in the definitions of the scaled quantities. Since we know from Paper I, that dissipation is vital, in this case all quantities including p , u, p are taken proportional to 5 = F I N . Making all necessary changes, the scaled equations become -iou = -axp+Bv2 11
where E = vjNL2, Pr = vjk, and v is zero.
Tntroducing the stream function again, we can derive the equation 
(46)

If there is no viscosity or diffusion, this equation reduces to
Thus if E = 0, then G = 0 implies dXx$ = 0, and there is no way to match the efkx dependence of the solid deformation. The interior solution, in contrast to cases A, B can satisfy nune of the boundary conditions. Because of the stratification, the fluid cannot move vertically to match the motion of the solid at zero frequency. This condition led Longman (1963) to conclude that the fluid could not be stratified. Consider 15 G E . Then proceeding in analogy to case B, the remaining leading terms of (46) are (E2/Pr)26,$+8xx$ = 0 (largest term and term of highest order).
The interior is governed by dxx$' = 0 or $' = 0, the static solution of Paper I. The appropriate stretched boundary layer variable is = E-* Praz, leading to a lowest order boundary layer equation with appropriate solution
We can now substitute into the re-scaled boundary conditions and solve completely.
The u boundary condition is now irrelevant, but the density flux condition (32) must be satisfied independently. But it should be clear from what happened in case B, that the solid, in the static limit, will be unaffected by the presence of the fluid; i.e. the motion of the solid is completely determined by the no stress conditions at the boundary. Hence the solid displacements are the same as in case B. F , G above are determined by the no-slip conditions on u, w. To the order of approximation, the interior of the fluid does not move at all, and the 'paradoxes' generated by the The complete solution is (with E, iii the same as in case €3)
Ro. 4. Vertical (a), and horizontal (b), displacements in the non-rotating, stratified case. Same parameters as in Fig. 2 . The solid displacement is the same as in Fig. 3 , and is again identical to that in the case of an unstratified fluid.
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C. Wunsch
The vertical and horizontal displacements are shown in Fig. 4 for the same special case 2/p = 1, k = 1 = 1. All motions are again continuous across the solid/fluid interface including the vertical displacement. Effectively, the fluid has come into the configuration of Fig. 1 (b) , but diffusion has played the vital role in getting it there.
Magnetic field effects
The Earth's core is believed to contain a strong toroidal magnetic field, and a somewhat weaker poloidal field as fundamental ingredients of the geomagnetic dynamo (see for example, Hide & Stewartson 1972) . In this section, we will explore the problem of deforming an elastic half-space overlying a conducting fluid half-space when a large uniform magnetic field is present. We will see that depending upon the orientation of the field, the inviscid static limit of the fluid motion can be singular in a fashion analogous LO the singularity introduced by pure stratification. We will not treat this problem exhaustively, since one can argue in analogy to Section 2 that the introduction of viscosity will remove any singular limits. What we will specifically look for is the presence of a condition 8, $ = 0 or k$ = 0 in the fluid. Such a condition implies an inability to satisfy the continuity of vertical displacement boundary condition at z = 0, and implies a singular limit. In such a case, we know from Section 2 that viscosity would damp all fluid motions, and the appropriate fluid-solid boundary conditions will again be no stress and no slip. To carry out complete solutions for all ranges of frequency, fluid and ohmic dissipation, is a more elaborate programme than is intended here, in view of the oversimplifications of the problem. An additional simplification in this magnetohydrodynamic case is of course, the assumption that the large ambient magnetic fields are uniform. In the real core they are undoubtedly highly non-uniform as the result of the dynamo motions.
Let the fluid have magnetic permeability pLrr (there is a shortage of conventional symbols in working in both elasticity and magnetohydrodynamics) and constant is the current vector and E is the electric field vector. Viscosity and diffusion of density will not be included explicitly. In the solid we must append Maxwell's equations, and to the boundary conditions, we must add those on the electromagnetic field: continuity of the normal component of 2, and of the tangential component of p H H . But the electromagnetic field is dynamically passive in the solid in that, to our order of approximation, it does not appear in the elastic equations. Since our chief concern is the study of the static limit in the fluid, the electromagnetic field (a potential field in the limit) in the solid will not be accounted for explicitly. H,,, entering the solid at normal incidence, is intended to crudely model a poloidal field: H,, is intended as a model of the toroidal field. If the solid were a perfect conductor H,, should vanish at the boundary, since there cannot be a toroidal field in a perfect insulator, and the tangential field must be continuous. We will evade this complication by assuming sufficient conductivity in the lower mantle that the field can be treated as continuous across the boundary. Once again, the number of physical parameters dictates a non-dimensionalization of the equations. In the solid, we leave the scaling unchanged. In the fluid, it is most useful to use the magnetic field as a fundamental scale. Let 
-mt+ = -a,p+a,h,+a,h,
(57)
The stars have been dropped again. Note that all variables are assumed to go to zero with G. In what follows we will pursue only the static case, unless it appears singular, when we will restore the frequency, and examine the limit. can be used to satisfy the boundary conditions, and there are no difficulties. With no dissipation, R," = co, the solution simply represents the zero frequency limit of an Alfvkn wave moving in the z-direction. It is well known (e.g. Alfv6n and Falthamar 1963 ) that such a wave may have an arbitrary x-dependence.
finite frequency. From (49) to (57) we obtain Here, with a tangential field, the static limit can be singular and we consider a a,,$+i
where an exp(ikx) dependence has been substituted. If R,/G-+ co, we must have either iis = k, which will not generally be true, or $ = 0, which would prevent satisfaction of the boundary condition. 5 = k represents an Alfvdn wave, the only possible free solution, propagating parallel to the boundary. In this limit the field lines are frozen, and move with the fluid. By forcing the boundary with k # G = 0 the fluid cannot maintain the required static deformation of the magnetic field following the boundary; the limit is singular. On the other hand, if R,/G is finite, ohmic dissipation has time to act and diffuse the magnetic field relative to the fluid, removing the singularity. This case is closely analogous to that of pure stratification, in that in Fig. 1 , the surfaces of constant density may be relabelled H,, and the heuristic arguments given in Section 2 carried through.
can be non-singular. Here the static equations lead to This is the same as the previous case, but with non-zero Coriolis forces, the limit The limit is singular if R J + co in the same way as in case E, with the Coriolis parameterfplaying the role of the frequency. This case is the static limit of rotationally modified AlfvCn waves. which is regular as 0 .+ 0. In the static limit (59) becomes N2k2i,b+dZzD2i,b = 0 and a finite flow is maintained with deformed density surfaces. Here the vertical magnetic field plays a role analogous to rotation in the stratified case; a form of ' magneto-thermal wind ' is set up in the fluid. Examination of the complete equations and boundary conditions shows that p, p do not vanish with 0, and the fluid is capable of supporting a finite normal stress as in case A. With ohmic dissipation, the deformed magnetic field cannot remain in place, the mean flow decays, and the constant density surfaces cannot remain in place either.
Case H . w # 0, H,, = 0
This case compounds the singularities of stratification and the tangential field.
Discussion
We have not exhausted all possibilities for stratification, rotation, and magnetic fields. In particular, we have not dealt with the possibilities of combined x and z components of the magnetic field, nor orientations of stratification, rotation, and magnetic fields different from 0 or 90 degrees. To treat such cases, it would make more sense to go back to the full sphere and attempt the geophysical problem.
On one level, this paper has merely very ponderously reconfirmed a commonplace of fluid dynamics: that paradoxes of perfect fluid flows are removable by consideration of real fluid flows. Both Longman's (1963) conclusion that the core had to be in the Adams-Williamson state, and Smylie & Mansinha's (1971a) conclusion that there must be a discontinuity in radial displacement are in the category of such paradoxes, or noit sequitur. But on another level, we have shown that the response of the core to exterior forcing must be very complex indeed, since so many possible forces and limits are possible. Some of those forces and limits have been described here, but their full implications for the real core only touched upon.
For the time-dependent deformation of a fluid core by an overlying elastic mantle, the partial solutions given here show that one must treat a series of problems depending upon the precise parameter ranges of the physical situation. We leave that to another time. To actually deal with the underlying question of whether or not the Chandler wobble can be excited by earthquakes, one should solve the initial value problem in the sphere. All of the dynamical effects considered here, plus others, will then appear.
The known, exceedingly rich, spectrum of motions in a rotating spherical shell, stratified or not (see for example, Longuet-Higgins 1968) even in the absence of magnetohydrodynamic effects, implies that casual conclusions about the interaction of core and mantle are very perilous.
